BRS symmetry restoration of chiral Abelian Higgs-Kibble theory 
in dimensional renormalization with a non-ant icommuting 75 



D. Sanchez- Ruiz* 

Departamento de Fisica Teorica I, Universidad Complutense, 28040 Madrid, Spain 



The one-loop renormalization of the Abelian Higgs-Kibble model in a general 't 
Hooft gauge and with chiral fermions is fully worked out within dimensional renor- 
" i malization scheme with a non-anticommuting 75 . The anomalous terms introduced 

■ in the Slavnov- Taylor identities by the minimal subtraction algorithm are calcu- 

lated and the asymmetric counterterms needed to restore the BRS symmetry, if the 
CN| ■ anomaly cancellation conditions are met, are computed. The computations draw 

heavily from regularized action principles and Algebraic Renormalization theory. 

o 

Q\ • 1. Introduction 

(N 

{Sj I Due to the availability of high precision tests of the Standard Model in particle acceler- 

ators, it is mandatory to compute higher order quantum corrections and therefore to inves- 
tigate thoroughly consistent and systematic renormalization schemes. Dimensional Regu- 
larization [1,2] is the standard regularization method applied to particle physics. Both its 
axiomatic and properties were rigorously established long ago [3,4,5]. Its success as a practi- 



ce 
O, 

cal regularization method stems from the fact that in vector-like non-supersymmetric gauge 
theories preserves enough properties so that the minimal subtraction (MS) scheme [6] leads 
to a renormalized gauge invariant theory [2] . But the electroweak interactions of the Stan- 
dard Model are chiral, and, unfortunately, in Dimensional Renormalization the algebraic 
properties of 75 cannot be maintained consistently as we move away from four dimensions 



[7]. Thus, in the so called "Naive" prescription of Dimensional Renormalization (NDR), 
commonly used in multiloop computations in the Standard Model, one assumes [75, 7 M ] = 
^ ■ and the cyclicity of the trace [8]. These assumptions have the consequence [3,5,7,9] that 
Tr[7 Ml ...7^475] is identically in the dimensionally regularized theory (d ^ 4), which 
is incompatible with the property in four dimensions Tr [7 Ml • • •7 /X4 75] = zTrl e Ml ... M4 in 
theories where a not null tensor e is needed. 

Therefore it seems unavoidable to find ambiguities as we use NDR to carry out com- 
putations in any chiral theory with fermionic loops with an odd number of 75' s. However, 
it is commonly claimed that with usual manipulations the resulting ambiguities are pro- 
portional to the coefficient of the (chiral gauge) anomaly — null in the Standard Model 
- and the "naive" prescription is then thought to be safe [10]. Calculations to low or- 
ders in perturbation theory support this idea, but there is not a rigorous proof of it valid 
to all orders. Higher order computations within the SM have already reached a point 
where the possible inconsistencies of NDR cannot be simply forgotten. To avoid these 
algebraic inconsistencies it has been suggested not to assume the cyclicity of the trace [10, 
11], but in this case extra checks or proofs are needed. The only dimensional dimensional 
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regularization scheme (sometimes named as BMHV) which is known rigorously [7] to be 
consistent in presence of 75 is the original one devised by 't Hooft and Veltman [2] and 
later systematized by Breitenlohner and Maison [3] following the definition of 75 in [12]. 
A similar scheme is considered in [13] and an extension has been recently proposed in [14]. 

In BMHV scheme, besides the "<i-dimensional" metrics g^, a new one is intro- 
duced [3], g^, which can be considered as a u (d — 4) -dimensional covariant". Defining 

= gV- v — g^ v ? gP u can be thought of as a projector over the "4-dimensional space" and 
g^ u as a projector over the u (d — 4)-dimensional" one. Moreover the e tensor is considered 
to be a "4 dimensional covariant" object, because it is assumed to satisfy e Ml ... M4 e I/1 ... I ^ 4 = 

- Ettg s 4 si S n 71 U.t=i 9nv*w With the definition 75 = j r e Ml ... M4 7' il ■■■^ and the as- 
sumption of cyclicity of the symbol Tr, it can be proved algebraically [3] 

Tr [yi . ■ -7^75] = Tr [7^ • • .7^75] = zTrl e m ... M4 ; 

{75, 7 M } = {75, r} = 2757^ = 27^75, {75, r} = [75, r\ = o, (i) 

which is the same algebra of symbols than of the original one of 't Hooft and Veltman 
[2,5]. Notice that 75 no longer anticommutes with 7^ as it does in NDR. 

The four dimensional projection of the minimal subtraction (MS) of the singular part 
of the dimensionally regularized Feynman diagrams, their divergences having been also 
minimally subtracted in advance, leads to a renormalized quantum field theory [3,4] that 
satisfies Hepp axioms [15] of renormalization theory, field equations, the action principles 
and Zimmerman-Bonneau identities [3,4,16]. The reader can find a review in [17]. 

Not many computations have been done in the BMHV scheme. Most of them involve 
theories without a chiral gauge symmetry [18], where there is no room for the introduc- 
tion of spurious anomalies but subtleties related with evanescent operators [5] appear, or 
quantities related with axial currents [12,19], where it gives correctly the essential axial 
current anomalies. Several practical computations, taking care of the fulfillment of Slavnov 
Taylor Identities (STI), but involving only some restricted set of diagrams, have been done 
in the case of the Standard Model [20,21,22] or in Supersymmetric QED [23]. In [22], 
the authors report a relevant finite difference between the results of NDR and BMHV in 
two-loop diagrams of the Standard Model containing triangle subdiagrams. 

In BMHV scheme the regularization breaks the gauge symmetry, and the MS pro- 
cedure gives Green's functions which does not fulfill the STIs, essential ingredients to 
guarantee unitarity and gauge independence. The axioms of local relativistic quantum 
field theories allows for local ambiguities [15,24] to be removed by imposing renormaliza- 
tion conditions. The Quantum Action Principle [25] tells us that any symmetry breaking 
term generated in the renormalization process is local at the lowest no n- vanishing order, 
and the question here is whether it is possible to remove the breaking terms of the STIs by 
adding to the classical action appropriate local finite counterterms. (The removable break- 
ing terms are called spurious anomalies) [9]. Algebraic Renormalization theory [26,27,28] 
establish elegantly how and when this process can be accomplished: when there are no 
obstructions in the form of (essential) anomalies. This impose anomaly cancellation con- 
ditions on the field representations. These anomalies belong to the cohomology of the 
Slavnov- Taylor operator that governs the chiral gauge symmetry at the quantum level. 
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On the other hand, non-physical or spurious anomalies correspond to trivial objects in the 
cohomology. 

Algebraic Renormalization has been recently applied to theoretical studies of Standard 
Model [29] and important progress towards practical uses of non-invariant regularization 
schemes [30,31] have been achieved. In [17] a systematic computation of the finite one- 
loop counterterms needed to restore the STI of non-Abelian gauge theories without scalar 
fields in BMHV dimensional renormalization was done. The modified action which gives 
gauge invariant results in MS of BMHV scheme was explicitly given. Specially use of the 
rigorous identity (see [17] for notations and a deduction based on the Action Principles of 
Dimensional Regularization [3]) 

C fr \ — I Ad I N^ r DReg 5r D Reg ^DReg 

S d (T DReg ) =jdx M-jj- + = 

= s d s ■ r DReg + 8 d s$ ■ r DReg + J d d x [ SK ^ x j ■ r DRe g ] 5 $^ g ( 2 ) 

was made, which allowed at one loop level for a direct computation of the breaking in 
terms of finite parts of diagrams with an insertion of an evanescent operator, thus avoiding 
the evaluation of the l.h.s. of the STIs. 

Multiloop extension of these techniques and the explicit form of the two-loop mod- 
ified action for the Standard Model which would give BRS invariant results with a MS 
procedure would be valuable. For reasons of simplicity and as a previous step, the present 
paper is devoted to a simpler model, the Abelian Higgs-Kibble model with chiral fermions 
[32,33,26,30] in a general gauge of the 't Hooft class. Compared with the models of [17], 
this model presents the new feature of spontaneous symmetry breaking, which makes more 
involved the restoration process of the (hidden) BRS symmetry. Moreover, it is free of IR 
problems and it is very easy to write in an exhaustive manner the list of the monomials 
needed, to all orders, in the restoration procedure of its BRS symmetry. This makes the 
model a perfect training ground for future work on the Standard Model and two-loop 
computations. Since Algebraic Renormalization is not well known to practitioners, we will 
show in detail each step of the algorithm. 

The layout of this paper is as follows. In Section 2 we give the classical action, fields 
and symmetry of the model. Section 3 is devoted to a quick reminder of the general theory 
of algebraic renormalization, suited to this model and which is independent of the order of 
the renormalization procedure. In Section 4 the BMHV dimensional regularization of the 
model is presented. In Section 5 we use the techniques of [17] to compute the breaking at 
one loop. Of course, the correct form of the anomaly are thus obtained and in Section 6, 
following the lines of section 3, the finite counterterms needed to restore the BRS symmetry 
in the anomaly free case are finally computed. In Appendix A the explicit matrix form of 
the linearized Slavnov-Taylor operator, needed to do the computation, is given. Appendix 
B is devoted to a pedagogical explicit computation of the BRS cohomology of order one. 
In Appendix C the results for each diagram contributing to the one loop breaking are 
presented in full detail. 
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Table 1: Ghost number, dimension, conmmutativity and CP transformation of fields, 
coordinates and the BRS operator. In third row, +1 (-1) means that the symbol commutes 
(anticommutes) and in last one, D = 'y C , where C is the usual conjugation matrix. 
Note that the chosen CP properties of the ghosts make the BRS operator CP invariant 



2. Classical action 

The CP symmetric four-dimensional classical action is the following 

S inv = Jd A x{-^ F^F"" + (D^)(D»cf>) + v 2 <t>H ~ A(</>V) 2 

keiuj 
iei 

^(v'^or^.r, + v'2/,-0 1 r,-/>„r,-)}. (3) 

jeJ 

Here A^ is an abelian gauge field, a scalar complex field, ipi and ipj are families of Dirac 
fermion fields, F^ v = d^A^ — d v A^ and D^ffi = (d^ — iA^tfi . This action is invariant 
also under the abelian gauge transformations <L4 M = d^u, 5(f) = iuxf), difjk = iu(ehkPL + 
eRfc-PiO'i/'fc provided that the fermion charges satisfy* 

eLi = e-m + 1, if i G I 

e-Lj = e Rj - 1, if j e J (4) 

We shall consider spontaneous symmetry breaking due to a nonvanishing vev of the 
real component of (p. Let us now write the classical BRS invariant action 

Scl = Si nv + Sg{ + 5e X t, (5) 

* If the field redefinitions — > 2g A^, uj — > 2gu> are done the model coincides with the model 
of section IV. A of [33], with ip (ip') being our fermions of type r = +1 (r = — 1) and their charge / our 
(2e R + l) 5 /2 ((2e R - l)g/2). 
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where 



+ ij[i@ + 4((e + r)p L + ep R )] i> - f [(v + 00 i>i> + %r 2 ^ 75 ^] } 

Jd 4 x ^B 2 + B(d^ + pcf> 2 )-c[d^ + pfa + v)]^ 
S ext = J d 4 x Kfa s0i + -ftT^ s</> 2 + -ft^ # + S V> (6) 



-£cB + cE 
2 s 



In this action, v is a parameter with dimension of mass, 0i and 02 are real scalar fields, 
c is the ghost field, c the antighost field, B is the Lautrup-Nakanishi field, are the 
external fields coupled to the corresponding BRS variations and E = d^A^ + p 2 is 
the most general gauge-fixing functional which is linear, preserves CP symmetry, has the 
appropriate ghost number and is consistent with power counting (see Table 1). £ and p are 
the gauge parameters. We have omitted the index labeling the fermion families, a notation 
that we shall keep unless otherwise stated. We have set e-^k = Ok and eLfc = Ok + fk- 
Therefore, {rk}keiuj are not free parameters but convenient shorthands for +1 if k e I 
and — 1 if k e J. 

The BRS transformation is: 

s0i = -0 2 c, s0 2 = (u + 0i)c, 

s^ = «c[(H r)P L + 6»P R ]^, = i 4>[{6 + r)P R + 0P L ] c, 

sA^ = <9 M c, sc = 0, sc = B, sB = sK ( j, i = sK^ = sK^ = 0, (7) 

which leaves S c \ invariant due to the anticommutativity of 75 in four dimensions. 

If p 2 = Xv 2 there are no linear terms in the classical action (5). This is equivalent 
to the renormalization condition which sets to zero the vev of the field 4>i- The quadratic 
terms in (5) give the propagators, which are shown in Figure 1 for p 2 = Xv 2 . Note that 
the propagators with B fields only contribute to the 1PI Feynman diagrams at the tree 
level and that no special value will be chosen for the p parameter, i.e. there will be A(f> 2 
mixing at tree level and beyond in the loop expasion. Notice also that although the theory 
is abelian, the ghost fields are not free: they interact with (pi trough the gauge-fixing part 
of the action. This makes the BRST formalism very convenient to use. 



f "Antifields" or sources to the trivial BRS variations of and c could also have easily been intro- 
duced. This would make more clear the study and interpretation of the cohomology of b at order 0, but 
they are neither relevant nor necessary for the practical purposes we pursue in this paper. 
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Figure 1: Free field propagators if /i 2 = Aw 2 . For convenience, the following abbreviation 
has been defined: £' = $,/g 2 . Momentum fc flows from second to first field of Green functions, fj,, 
Hi and /Z2 are Lorentz indices, a and /3 are the indices of Dirac matrices and will be ommitted. 



3. Algebraic Renormalization 

The classical action (5) is a solution, over the space of CP-invariant integrated poly- 
nomials of ghost number and mass dimension 4, to the Slavnov- Taylor identity (STI) 



d 4 x j(d M c) 



5S C \ , &Sd , 5S C \ 8S C \ 8S C \ 5S C \ 8S C \ 5S C \ 5S C \ 5S C \ 

+ -D^^ r TT7 r TT7 ^ r TT7 r~) r 



SA 



5c SKj 



SKfo 5(p 2 5K^ Sip 5K^ 5-0 



which rules the BRS invariance of the theory, and to the gauge-fixing equation 

SS c i 



5B 



0,(8) 



(9) 



which is the equation of motion of the Lagrange multiplier field B. 

Any functional T satisfying both equations, also satisfies the ghost equation: 



— Uc — 

5c ^ 5Kj,~ 



0. 



(10) 



After renormalization of the perturbative expansion, the 1PI generating functional V will 
be required to be, in the sense of a formal series of functionals in h, a deformation of S c \ 
constrained by the same equations. If the renormalization procedure respects both the 
gauge-fixing and ghost equations, V will have the form: 

T [</>i, 2) A^tp, ijt, c, c, B, Kfa, Kfo, K^p, K$] = 

J d 4 x | B 2 + B(d^ + P <p 2 )-cnc 

+ f [01,02, Ay»-ty$,c,Kfakfa = Kfa- pc,K^,K^] , (11) 
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so that the left hand side of the STI will read 



= /" 4 ( , ST ST ST ST ST ST ST ST ST i 

S r = / d 4 X \ {daC)— — + — — YT~ + — ~ — YT~ + TT^TT + T77~ TT 12 

7 l <L4 M (5^, ^ a 6K4, Sip SK^ Sip i 

From now, a tilde will indicate dependence on the same fields as T does. 
Let us introduce the linearized Slavnov- Taylor operator: 

~ f. r , n . S ST S ST S ST S ST S 

Sj; = J d 4 X I (d^c) — + — + TT7 ~ + — + 



<L4 M Sfa SKfa SKfo Sfa S(j) 2 SKfo SK V2 



ST S ; S^F_S_ $JiJ_ 
+ J^SK^ + SK^S^ + JtfSJ^ + SK^'slp) ' ( ' 

which has the nilpotency properties 

SfS(T) = 0, VT 

SjrSf = 0, if S(T) =0. (14) 

For T equal to the classical action S c \ we have the important linear operator 

b = % • (15) 

The local part of maximal dimension four of T at a determined order in the perturba- 
tive expansion and prior to imposition of the STI is an arbitrary linear combination of the 
following basis of the space V of the integrated Lorentz scalar CP-invariant polynomials 
in the fields and their derivatives with maximal canonical dimension 4 and ghost number 
(note that we choose the same first twenty monomials as in [26]): 



ei 


= M, 


e 2 = /0i 2 , 


£3 


- jV, 


e 4 




£5 = /0102 2 , 


e 6 




£7 




es = /0i 2 02 2 , 


eg 


= 1(^00 (^00, 


eio 


= |(^0 2 )(^02), 


e n = ffc^A"), 


S12 


= fA^dffa), 


S13 


= fA^dffa), 


ei4 = 


eis 


= fA^fa, 


ei6 


= JA.A^ 2 , 


ei 7 = jA^fa 2 , 


eis 


= /(M") 2 . 


eig 


= j(d^A„ - d v A^)\ 


e 20 = J(A M ^) 2 , 






e 2 i 




e 22 = J'KfoC, 


e23 




e24 


= 








S25 




e26 = 






e27 


= fj4PLl>, 


S28 = 






S29 


= ffaifnf) = fatf) P K ip + 0^ P l t/;, e 30 = 
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e 3i = f(K^P L ^ - $P R Kj)c, 



e 3 2 = RK^PriP - tPPlK^) c 



(16) 



That means that we have the freedom to add to the starting action any action-like 
term of the form X = X^=i each x l being a formal series in h of order 0(h). 

In a non-invariant renormalization scheme, the renormalized STI will have a breaking: 

5(f) = A. f (17) 

the r.h.s. of last equation being the insertion of a CP-invariant integrated local operator 
of maximal dimension 4 and ghost number 1. 

Now, in accordance with the algebraic theory of renormalization and supposing that 
the breaking vanish at lower orders of the perturbative expansion, the insertion at order n is 
simply a local integrated polynomial A . f = h n A^ + 0(fi n+1 ) which can be decomposed 
as a linear combination of the following basis of the space Vi of CP invariant action- 
like polynomials of maximal dimension 4 and ghost number 1 (again, we choose a basis 
following the strategy in ref. [26]): 



Ui 


= j>2C, 


u 2 = 


J4>l4>2 c, 


U3 


= Jh 3 c, 


U4 


= J>i 2 (/>2C, 


u 5 = 




U 6 




U 7 


= /0i0 2 3 C, 


u 8 


|0 2 (n0i)c, 


Uq 




u w 




II 1 = 


JIM") c, 


Ul2 


= jA^d^c, 


Ul3 


= 1(^)0! C, 


Ul4 = 


ftd^A^c, 


U15 


= fA^fa c, 


uie 


= f(d,A»)<p 2 2 )c : 


u l7 = 


fA^ 2 (d»(f> 2 )c, 


Uis 


= Jn(d^)c, 


Uw 


= fA^A„(d»A»)c, 


U20 = 




U 2 1 


= fApAffafac, 


U22 


= fA^(d»A»)c, 










U23 


= J^75^C, 


U 2 4 = 


/^(^PlV) c, 


U25 


= fd^^P^C. 


U 2 6 


= J(p2^C, 


U 2 7 = 








U 2 8 


= $e m3 ^A^){d^A^\ 


)c, 







that is A( n ) = Yl"j=i &( n ^Uj. Notice that, incidentally, external fields do not appear in 
the basis due to power counting and the property of the abelian ghosts cc = 0. 

The projection of the breaking over the direction of the last element of the basis 
constitutes the anomaly of the theory, for it can be shown that the linear system bX^ = 
A^ n ) has an (under-determined) solution if and only if the coefficient A 28 ( n ) vanishes. 
This can be established by using co ho mo logical methods: the first equation in (14) leads 
to bA = 0, which is the famous consistency condition, and, the second equation in (14) 
implies b 2 = 0; hence, A = anomaly + bX, the anomaly belonging to the ghostnumber 
one non-trivial cohomology space of the b operator. See Appendix B for a proof of this 
statement by explicit computation. 

Now, let us define the matrix elements of the operator b restricted to its action from 
Vo to Vi in the following manner bii = brf iUj ( explicit values of these matrix elements 
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for S c \ in (5) are given in Appendix A). Then, the linear system 

27 

Y^b hx i{n) = A J ' (n) , i = 1, - - - , 32 (19) 
j=i 

has always a solution up to an 0(h n ) arbitrary linear combination of 6-invariants. These b- 
invariants are any basis of the kernel jC of the restricted linear operator b = b : Vo —> Vi . 
We can choose for example the following basis of IC for all values of 9: 

Ii = -\e 19 = -\jF, u F^, 

J,- ~ . e 2 + e 3 
J 2 =uei H — = 

-r 3~ , 3 ^ 2 ~ , , r~ , ~n , e 6 + e 7 e 8 
2. 3 =u ei + —62 + ye 3 + v(e 4 + e 5 ) H hy = 

2 4 =t> e 24 + e 2 9+ire 30 = ^ vipip + fatfjifj + i r 2 V>7sV> , 
X5 =(/U 2 — 3Au 2 )e"i — 3Ave2 — Afe 3 — \ve 3 — A(e 4 + e$) + 

en + i>ei4 + e"i 5 + e 22 - /e 24 = b J , 
2(3 =(/U 2 — Aw 2 )wei + (/U 2 — 3Af 2 )e 2 — 3Av e 4 — \ve$ — A(e6 + e 8 ) + 

eg - ei2 + e"i 3 + ve 15 + e 16 + e 21 + e 23 - /e 29 = b J fa , 
1 7 =(fi 2 - Xv 2 )e 3 - 2\ve 5 - A(e> + e 8 ) + 

eio + uen - e 12 + e 13 + e 17 - e 21 - u e 22 - e 23 - % r fe 30 = b J fa , 

2 8 = - 2g 25 - 2(r + 9)e 27 + vfe 24 + fe 29 + i r fe 30 = b J(K^ P L i/> + $PrKj) , 

2 9 = - 2e 26 - 26>e 28 + w/e 24 + /e 29 + % r fe 30 = b J (K^ P R ip + %[)P h K^) , 

2io = 9 (e 9 + eio + fen - e i2 + e i3 + e 2 i - f e 22 - e 23 ) - re 26 - z r9e 32 , 

2n = (0 + r) (eg + e w + ven - e 12 + e 13 + e 2 i - v e 22 - e 23 ) + re 25 + z r(9 + r)e 3i , (20) 

which is fixed by choosing an appropriate set of normalization conditions. 

Notice that the rank of bo is dim of Vo~ dim of ICq = 21 < dim of Vi, so that, in 
general, for arbitrary values of the breaking, the system (19) would be an incompatible 
one. Then its compatibility when subtituting in it the values of the breaking obtained by 
explicit computation turns to be a not trivial check of the correctness of the computation 
itself. 

Finally, if there is no anomaly, the breaking at order n only consists of cohomologically 
trivial terms, and, thus by adding h n S^ = —h n X^ to the previous action the breaking 
is canceled at the order n. 
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4. Dimensionally regularized action 



If we want that the Regularized Action principle of Breitenlohner and Maison be 
applicable, we must define the regularized kinetic terms just with the same forms as the 
four dimensional ones. The regularized kinetic terms are thus uniquely defined. Not so the 
interaction terms. For instance, the Dirac matrix part of the fermion-gauge-boson vertex 
has the following equivalent forms in 4 dimensions: 7 a 'Pl = -PrT^ = -PrT^-Pl- But these 
forms are not equal in the (i-dimensional space-time of Dimensional Regularization because 
of the non-anticommutativity of 75. Of course, the generalization of the interaction to the 
Dimensional Regularization space is not unique, and any choice is equally correct. And 
yet, some choices will be more convenient than others. 

Specially in the case at hand it would be far more convenient to use a dimensionally 
regularized action which has the discrete simmetries of the four dimensional classical action. 
Indeed, if the dimensionally regularized action were not CP invariant, we would have 
to enlarge the basis of the relevant spaces presented in section 3 with CP-non-invariant 
monomials. This would make the computations very lengthy. Even with the restriction of 
CP-symmetry the regularized action is not unique: there is always the freedom of adding 
explicit evanescent operators, i.e. proportional to d — 4. Here we shall adopt the simplest 
choice available and generalize in the obvious way to (i-dimensional space-time the BRS 
variations and vertices of the action (5), "barring" the boson-fermion vertex. For the latter 
vertex, we shall use the following regularized form 



i.e. the CP-invariant or "hermitian" regularized form, which can be cast in the following 
non-gauge invariant expression 



Hence, the regularized action, So, we shall start with will not be BRS invariant. The 
regularized breaking, SdSo, coming from the the last term of eq. (22), will read thus: 




(21) 



i i^Tpi/; + i ifjtfif;. 



(22) 



s d S = s d / d d x i ipYd^ 



I 



d d x - c {(r + 29) d M (V"7 M V0 + r (^7^) } 




(23) 



The Feynman rule of the insertion of this anomalous breaking is given in fig. 2. 




A 



A 



Figure 2. Feynman rule of the insertion of the integrated breaking eq. (23) 
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The breaking is an (implicit) 11 (d — 4)-object", i.e. an evanescent operator or an opera- 
tor which vanishes in the four dimensional projection, and, clearly, this would be also true 
for any other Dimensional Regularization classical action we might have chosen. Other 
choices of regularized vertices can lead upon minimal subtraction to other values for renor- 
malized Green functions; each value corresponding to a renormalization scheme. Hence, 
the different values we spoke of should be related by finite counterterms. 

In order not to deal with cumbersome propagators we set fi 2 = Xv 2 in the regularized 
classical. Notice that for this choice of \j? the starting action can be interpreted as the 
usual spontaneous symmetry breaking action. 

5. One loop STI breaking in BMHV dimensional renormalization 

By using the action principles of Breitenlohner and Maison -which basically state 
that the usual formal manipulations of path integrals are allowed in the dimensionally 
regularized theory- it can be shown that the equation of motion holds in dimensional 
regularization and renormalization [3,4,5]. Therefore, the gauge-fixing (9) and ghost (10) 
equations holds for both the regularized and MS renormalized 1PI generating functional 
T if the dimensionally regularized action of previous section is used, or if it is modified 
by the addition of terms independent of B and depending on c and only trough the 
combination Kfa = — pc. Hence, we will restrict the possible finite counterterms of 
the regularized action to live in the space Vo whose basis was given in (16). Of course, 
as in the previous section, we have several possible "rf-dimensional" generalizations of a 
given four-dimensional finite counternterm. Two such generalizations will differ in a u d- 
dimensional" integrated evanescent operator of order h, which modifies the value of finite 
four-dimensional quantities only at order Ti 2 . We choose the generalizations whose forms 
in the "(i-dimensional" algebra of covariants are exactly the same as in (16). 

In [17], again by invoking the action principles, the identity (2) was derived, and it 
was proved using it that at the one-loop level the breaking of the renormalized STI — it's 
r.h.s - simplifies to 



AW = 



N[A] • T R (24) 



(i) 



where N[A] • T R denotes the insertion of a normal product as defined in refs. [4,5]: the 
minimally subtracted generating functional of diagrams with an insertion of the regular- 
ized operator A. Notice that after algebraic manipulations of the Feynman integrand of 
these diagrams with an insertion of an evanescent operator, an explicit d — 4 factor can 
appear in the numerators to be canceled with the d — 4 coming from the divergence of de- 
nominators, giving thus a local renormalized value, as expected from the general Algebraic 
Renormalization theory. 

We could, of course, compute the breaking by evaluating the relevant zero and one- 
loop 1PI functions, inserting them in the l.h.s of STIs and working out the functional 
derivatives. But, it is clearly more efficient to compute the breaking directly using (24). 

With the aid of the Bonneau identities of [4], the anomalous normal product (24), i.e. 
a normal product of an evanescent operator, can be decomposed in terms of some basis 
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of standard normal products, i.e. normal products of non-evanescent operators. See [4,17] 
for examples. But at lowest order, this technique reads practically the same as the direct 
computation of the one-loop finite part of N[A] • T R : 

i) compute the finite part of all divergent by power counting 1PI diagrams with 
and insertion of A and any quantum or BRS external field as legs. 

ii) set g^ v to g^ v and g^ v to zero, i.e. set to zero every hatted object. 

Hi) find finite four-dimensional integrated operators such as the Feynman rules 
of its tree-level insertions match the results of ii) 

We have carried out the procedure spelled out above in a completely automatic manner 
by using own Mathematica ™ [34] routines and the Mathematica package "Tracer" [35], 
which manages properly and carefully the BMHV gammas algebra. The input of the 
programs consists of the definition of Feynman rules and the expression of the diagrams 
in terms of symbolic Feynman rules. For the dimensionally regularized action of section 4, 
the one-loop contributions to the 1PI functions with a breaking insertion reads f (results 
after step ii for each relevant diagram are shown in Appendix C ) : 



fR(D mi (k) _ (-6/V + fci 2 ) 

L AAAc;N[A] ^' ^ ^> ~ § 

2 (k^ 2 + fc 2 M2 +&3 M2 ) #™ 



+ 
+ 



3 

2 (fc^ 1 + k 2 fl1 + fc 3 Ml ) 9 milz 



3 

f 2L^[A](*i'^**)= 16 */ 4 «. 
CUc;iv [ A ] ( fc ^^3)=48z / %, 

f ^[A ] (^^) = - 4 / 2 -^ 1 ' 



f In order to avoid any typesetting mistake, all following results of the paper have been automatically 
inserted from the T|5]X output of the programs. The code of the programs which do all computations and 
generate the TJ^X output can be found at arXiv:hep-th in the source format of this preprint. 
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^c;N[A]^ k ^ 



-8z fvg^ 2 , 

-(/ (3pr + 4^ 2 ^ (1 + flr) u (5 + Q) 7 5 ) 

6 

^2 (2 g + r) (5 + ^ } 

12 

^2 (2 g + r) (5 + ^ h 

12 



+ 



+ 



(-12/ 2 r + / (2fl + r + 2fl 2 r) (5 + Q) #i 7 5 

12 

(-12/ 2 r + # 2 (2fl + r + 2fl 2 r) (5 + Q) # 27 5 

12 



= -2 /ff 2 fl (1 + flr) (5 + Q 75 
3 

= ^fg 2 o(e + r) (5 + Oi, 



(25) 



where e (fci, ^2, {/^i}, {^2}) = ea/3^i^ 2 ^"^2 an d ^ ^ s the unit of the spinor space. Note that 
no significant simplification is achieved by using the standard choice of ir^-gauge p = £ v 

Then, the coefficients, A^ 1 , of the breaking in the basis (18) of four dimensional 
integrated operators can be automatically obtained with the aid of the formulas (step Hi): 



a! 1 

a(i 



A (1 
^11 

A (1 

^13 

A (1 
A (1 

^15 

A (1 

^16 



i_fR(i) 

3! %> 2 3 C; JV[A] ' 

-Coeff.offc^inf^^), 
i_fR(i) 

3! 0i^ 2 3 c; Ar[A] ' 



A?> = 
A« = 

A (1) 
AW 



-Coeff.offc2 2 inf^ 2c;JV[A] (^,fc2),A 



-z Coeff. of ^ inf^^k!), 



i_fR(i) 



2! ^2^20; AT[A] ' 

j_fR(i) 

3! 1 3 c; at[A] ' 

-Coeff.of/c^inf^^^^,^) 



(i) _ 
10 — 

(i) _ 



A 1 ' - 



^R(l) 
4>i4>2' 

-z Coeff. of k 2 ^ in f R(1) m 



-Coeff.of^.feinr-;^^,^), 



A<j> lC ;N[A] 



= -zCoeff.of/ Cl -Mnf^ [A] (/c 1 ,/c 2 ), 

= =£ Coeff . of Jfe^ in f ^^^(fei, fc, fca) , 

= -i Coeff. of {fc 2 ft , kr } in f (h , fca, fca) 

= =£ Coeff. of fc^ in f^/^ih, k 2 , k 3 ) , 
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A$ = -i Coeff. of {/c2 Ml ,/e 3 Ml }mf 



= i Coeff. of ^ ^ 2 in f ^ (An, k 2 ) , 
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-i Coeff. of { gw k 2 ^ 3 , gW k^ 3 , #^ 3 k x m , #^ 2 & 3 M2 , g^ 3 fc 2 Ml , ^ 2M3 fc 3 Ml } 



111 1 AAAc;7V[A] ^«1»«2,* 3 ; , 



AS = \ Coeff. Of ^1M2 in fRW ^ 2 



A^ 2 c;iV[A] 



v 21 



l 20 

A = _z Coeff. of { fir^ 2 k^ 3 , A; 2 M2 , g m k^ 1 } in f 
A « = Coeff. of 75 in f ^ (A* ee 0, fc 2 = 0) 



i Coeff. of g^ in f* ( ^ mM2 



AA^i^> 2 c;JV[A] 



R(l) HlH2^3 

AAAc;N[A] 



{k 1 ,k 2 ,k 3 ) , 



v 24 



-i Coeff. of {^P L , # 2 Pl} in f 



-z (Coeff. of ft - Coeff. of ft 75 )in f 



R(l) 

V>Vc;Af[A]' 

^cjJVlA]^ 1 '^)' 

R(l) 

-i (Coeff. of ft+ Coeff. of ^75) in f Jg ; „ [A] (fci,Aa) , 



AS? = -i Coeff. of {ftP R , ^P r } in f 



,(^1,^2) 



(fei, k 2 ) = 



a(1) _fR(l) a(1) -PnpfFnf^v in f R(1) 

- 1 - ---- A 27 - Coett - ot 75inl^ ic;iV[A] 



26 V^cjA^A]' 27 

A« = iCoeff.of ewf> k la k2f, iif^.;;^!,^) (26), 

where, for example, "Coeff . of {/c2 /il , &3 Ml } in X" stands for "coefficient of k 2 ^ x in X or 
coefficient of k^ 1 in X" (that is, they must be equal). 

The results, consistent when several formulae for a coefficient are possible, thus ob- 
tained read 



( 47 t) 2 a; i) 




( 47 r) 2 AW 


= -24 fv\ 


(4-) 2 A« 


_ Sfv 
3 


(4tt) 2 AW 


= -24 f 4 v, 


(4tt) 2 AW 


_ -Afv 
3 ' 


(47r) 2 A« 


= -8 f\ 


(47r) 2 A^ 


_ -8/ 4 
3 ' 


(4-) 2 A« 


= "4 / 2 , 


(4tt) 2 AW 


_ -4 / 2 
~ 3 ' 


(4tt) 2 A« 


= -4 / 2 , 


(4-) 2 Aff 


= -2/ 2 ^ 2 , 


(4-) 2 Ag 


= 0, 


(47T) 2 AS> 


= -4/V 


(4-) 2 A« 


= "2 / 2 , 


(4-) 2 A« 


= 0, 


(4-) 2 A! 1 6 ) 


= "2 / 2 , 


(4-) 2 A! 1 7 ) 


= "8 / 2 , 


(4tt) 2 A£ 


-1 
~ "3"' 


(4tt) 2 AW 


2 

- 3"' 


(4tt) 2 AW 


= 4/ 2 u, 


(4tt) 2 AW 


= 4/ 2 , 



(4tt) 2 A 2 2 
(4tt) 2 A£ 

(4-) 2 A« 



I 

3' 

^ / (3pr + 4g 2 6 (l + 0r) v (5 + £'))> 

-( (-6/ 2 r + ^ 2 (29 + r + e 2 r) (5 + Q)) 

B 

r (-6/ 2 + /^ 2 (5 + Q) 
B ' 
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2A(i) - -2fg 2 e(e + r) (5 + Q 



(47r) 2 A« = =*lfg*e{l + 9r) (5 + f), 



-2i 



r ( i) _ 2 (3fl + r + 3fl 2 r) 



(4,r) 2 A& = 



(27) 



This breaking is simplified a bit with the choice of gauge £' = —5. 

Note that if only a fermion is present of type, for example, r = +1, then the anomaly 
coefficient is not zero for any value of 9 and that by adding fermions of the same type, the 
coefficient anomaly can not be canceled. Fermions of both types are needed. For example, 
there is cancellation of the anomaly in the case of two fermions with $ 1 = $ 2 = and 
T\ = +1, r2 = —1 or in the case of two fermions with 6\ = 1, #2 = —1 and T\ = +1, 
r2 = —1. Remembering the definitions e-^k = &k and e-^k = Ok + fk with rf~ = ±1, the 
obtained coefficient of the anomaly can be written in the more familiar form: 

but the constraints (4) should never be forgotten. 

6. Restoration of BRS symmetry: finite counterterms 

We know from the algebraic theory of renormalization presented in third section that 
the linear system (19) has to be compatible, but its solution is not unique. Facts which 
can not be trivially deduced from (26). Using the values of the coefficients A^ 1 , found in 
the previous section, this turns to be the case and one of the solutions is: 



(4-) 2 4!J 


= 8f*v 3 


(4tt) 2 4;) = 12 / 4 ^ 2 , 


(4-) 2 4!l 


= 0, 


(4tt) 2 <1 


= 8f 4 v, 


(4^4;) = 0, 


(4-) 2 4!<! 


= 2/ 4 , 


(47T) 2 X$ 


_ -2,f 4 
~ 3 


(4tt) 2 4;) = 0, 


(4t) 2 *$ 


= 0, 


(4^) 2 <lo 


_ 2/ 2 
~ 3 ' 


(47r) 2 4^ = 0, 


(47t) 2 4!1 2 


= 0, 


(4^) 2 4!J 3 


= 4/ 2 , 


(4.)^ = pv\ 


(4^) 2 4!J 5 


= 2f 2 v 


(4^) 2 4!J 6 


= f\ 


(4tt) 2 4;; 7 = 3 f\ 


(4^) 2 4!J 8 


-1 

~ IT' 




= 0, 


(4^) 2 4^o = ^ 


(^) 2 4% 


= 0, 




= 0, 


(4n) 2 4% = 0, 






(47r) 2 £$ 4 


/ {3pr + 4g 2 9 (l + 0r) v (5 + £')) 
6 r ' 






(4^) 2 4i 


= 0, 


(47r) 2 4^ 6 = 0, 






(4tt) 2 s$ 7 


(-6fr + g 2 (2e + r + 9 2 r)(5 + e)) 








6 








— ( r 


(-6/ 2 + ^ 2 (5 + 0)) 
6 







r4 ^2~(D _ 2fg 2 e(e + r) (5 + 

(4tt) 2 x« = 0, (^) 2 4]li = 0, (^) 2 4% = 0. (29) 

Therefore, the general solution for the finite counterterms up to one-loop order reads 

32 11 

* s£ = ~ h E 4!M + » £ c z (1) j, , (so) 

i=l Z=l 

with the basis being given by (16) and the symmetric terms Ii by (20). Therefore, the 

parametric family of regularized actions Si = So + hS^, with Kfa = Kfo — pc, gives, 
by minimal subtraction in the BMHV scheme, all possible CP-symmetric renormalized 
theories, compatible with the tree-level action (5) and power counting renormalizability, 
and satisfying up to one-loop level both the STI (8) and the gauge-fixing equation (9). 

Notice that, if 9 ^ and 6> + r^O(6> = Oor/9 + r = 0), there is a seven (eight) 
dimensional family of solutions, or equivalently, of normalization conditions, which does 
not imply finite counterterms depending on BRS external fields. The restriction to this 
family would certainly simplify the two- loop analysis of (2). In a more general regula- 
tor independent context, the simplificatory power given by the freedom in the choice of 
normalization conditions have been stressed in [30,31]. 

Finally, note that although the starting classical action of order fi was chosen to sat- 
isfy p 2 = Xv 2 so that the monomial J (pi does not appear in the action, we have the freedom 
to impose any 0(h n ) mean value on the field thanks to the trivial finite counterterms I2, 
X3 and Xq. Setting that value to zero would just define one of the normalization conditions 
mentioned at the end of section 3. 

7. Conclusions 

Algebraic Renormalization theory has been mainly used for demonstrative purposes 
(but see [30,31]). In this paper, we have shown a pedagogical example which makes man- 
ifest that the theoretical tools provided by the Algebraic Renormalization theory are of 
utmost importance in order to blindly carry out computations in a non-invariant renormal- 
ization procedure such as the BMHV scheme is for chiral gauge theories. Such non-invariant 
renormalization procedures seems to be unavoidable in a near future for doing trustable 
high-precision test of relevant quantum field theories like the Standard Model, and mastery 
of these techniques will be needed. 

Although at first sight the method looks cumbersome for the practitioners, we want 
to stress that once the general expression for a non-invariant modified action have been 
found at some order of the perturbative expansion the automatic evaluation of renormal- 
ized diagrams satisfying the symmetries of the theory is not much more difficult that the 
conventional procedures, because we need to do only a minimal subtraction of all Feyn- 
man integrals obtained from the Feynman rules of the given modified action. Certainly, 
the gamma algebra is a bit more tedious and there are more Feynman rules in the modified 
action that in the conventional one, but nowadays all this is perfectly admissible for the 
current computer codes. 
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The simplicity of the abelian Higgs-Kibble model allows for explicit and order inde- 
pendent expressions for the possible counterterms. Not obscuring thus the main steps of 
the algebraic method and making it very suitable for a future study at two-loop order. 
This study could be easily extended to the physically relevant Standard Model. The arbi- 
trariness of the choice of the regularizations of vertices and finite counterterms could be a 
key to simplify the computations at higher loop orders of the r.h.s. of (2) using for example 
similar techniques to the ones in [13]. 
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Appendix A. Matrix elements of the linearized ST operator b 

Using the definition (15), the 6-variations of the fields are 



b(f)i =S0l = -02C, 
b(j) 2 =S(p2 = (v + 0i)c, 

bip =sip = ic [(0 + r)P L + 6P R ] tp , 
b $ = s $ = i$ [(9 + r)P R + 9P L ] c , 
be =0, 

bKfa =7— = 7— = e.o.m. of 0i = 

OPl 0(f)! 

= - □</>! - (<9^)0 2 - 2^(<9 M 2 ) + ApA^v + 0i) + fi 2 (v + 0x) 

- \[(v + (pi) 2 + (p 2 2 ](v + (pi) + kfac - fi>i> , 

bK 4>2 =TT~ = TT~ = e -°- m - of (p 2 ~ pB = 
0(p2 0(p2 

= - D0 2 + (d^)(v + 00 + 2^(<9 M 0O + A^(P 2 + tffa 

- X[(v + (pi) 2 + 4>2 2 ]4>2 - Kfac -irf^^ip, 



bK. 



5iP 



e.o.m. of ip 



4 



i@-4((6 + r)P L + 9P R ) 



+ f[(v + (pi)ip + i r 02-075] 



bK 



-icK^[(e + r)P^ + 9P K ] , 



8%p 



e.o.m. of ip 
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i$+4((o + r)p L + ep R ) 



i> - f i( v + 0l)^ + i r 4>2l5^] 



+ ic[(6 + r)P R + 6P L ] if,. 



(A.l) 



Therefore, applying these variations to the basis (16) of Vo and expanding the results 
in the basis (18) of Vi, the matrix elements of this restriction of 6, defined as 6e; = bo^Uj, 

are easily found. The first 23 rows and 20 columns of matrix < & J 'i 



l<i<32 
l<j<28 



are: 



-1 





2v 


















































\ 





-2 


2 





2 v 
























































-1 





4 v 


















































-3 


2 








2v 

































































-2v 


1 












































-4 





2 
























































4 


-2 






























































2 











-1 


















































-2 





-1 



























































-1 


-1 





















































V 








-2 





















































—v 


V 





-2 















































1 


—v 








-2 


















































-1 











-2 















































-1 


1 








-4 


















































1 











-2 












































-1 


1 











-4 






























































2 

































































-8 












































-1 





2v 
























































-2 


2 




































































-„7 




























































the columns 21 to 32 are 



(v {» 2 -Xv 2 ) 


At 2 - Xv 2 








y 2 - 3 Xv 2 


-2Xv 


y 2 - Xv 2 





-(Aw) 


-X 








-3 Xv 


-X 


-2Xv 








-1 








— A 





-A 





-A 





-A 





-1 

















-1 




















V 











2 











1 


V 











1 











2 





-1 











-2 



































V 


1 








1 





1 




















-ifr 





— i r 


























-/ 











I 





-ifr 





V o 











































































































































































































































































































































































































































































































































































V 


-(/«) 


fv 


+ r 





-1 











i 








e 





-1 











i 














-1 


— i r 


-ifr 


ifr 














—i r 


1 


-f 


f 



























\ 



/ 
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and the rest of its elements are 0. 



Appendix B. Explicit solution of the order one cohomology of b 



Let Vj be the space of integrated Lorentz scalar CP-invariant polynomials in the fields 
01, 4>2, Ap, ip, ip, ip, c, Kfa, Kfa, and of maximal canonical dimension 4 and ghost 
number %. 

We define VVi+i = bVi and fCi = {X e Vi / bX = 0}. Due to nilpotency of 6, 

Solving explictly the cohomology of order one of b means to find the elements of Vi 
which are closed, i.e. in K,\ but not exact, i.e. not in Wi. Those not trivial elements of 
the cohomology are termed the anomaly . 

In order to do so, we introduce a basis for V2: 

vi = /0i(Dc)c, v 2 = /0i 2 (Dc)c, 



/^2 2 (nc) c, 



'\H>2 



(due) c, 



v 4 = fAffaid^c, 
v 7 = J(d u A ,J, )A u (<9 M c) c, v 8 = j{d» A»)A U {d^c) c, 
and the matrix of the restricted linear operator b\ = b 
columns 5 to 22 of matrix 



^3 = J <P2 
v 6 = f(d v A")A» (d^c) c, 

Vi — > V2 as brij = b\ k jVk- The 



<j<28 
Kfc<8 



are 





-1 











V 


— V 





-1 


1 


























\ 

















1 

2 











1 


1 

2 








































1 

2 

















1 


1 

2 








































-1 














V 








2 








































-1 





1 











2 

















































-1 








2 


V 












































1 








-2 





















































/ 



and the rest of its elements are 0. 

A basis of the kernel ICi of bi is therefore: 
Ji = u 2 8, J2 = u u 

Ja = u s , J5 = U4, 

J7 = u 7 , J 8 = u 8 , 

Jw = 'SiS; J11 = U23, 

<7l3 = U25, JlA = U26, 

Jl6 = VU 5 +Ug, Ji 7 = U5 + U13, 

J 19 = -2u 5 + 2u 12 + U20, J20 = uiA + 2{ti 5 + «2i, 

J22 = ~2VU 5 + Uio + VU12 + U14 + Ul5 + U\7 ■ 

Note that dim of K,\— dim of Wi = 1, so the anomaly is expanded by only one element 
of V\. Applying on each element of the basis of the kernel /Ci a linear independence test 
against the set of linear independent columns of the matrix bo , which expands the image 
of the operator bo, it is inmediatly found that J\ = U28 is the anomaly, as affirmed in 
section 3. 



3z = u 2 , 
Jq = u 6 , 

J9 = Un, 

J12 = U24, 

Jl5 = U 2 7, 

Jis = 2u 19 + U22, 

J21 = 2vu 5 -2u 10 -u 14: +u,i6, 
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Appendix C. Breaking 1 loop Feynman diagrams 



Notation 



5 ^m/ 



JdXt... dx m+1 e iikix 1 + -+k m+1 x m+1 ) x 

5iV[A] • r R W 2) A, V, c, c, K^K^K^ Krf 



8X lfMl (xi) . . . (x p )SX Pfi (x p+1 ) . . . SX m (x m ) 8c(x m+1 ) 



x=o 



will stand for the minimally substracted one loop 1PI functions with one insertion of the 
integrated breaking N[A] and the fields X\X 2 ■ ■ ■ X m c as external legs. Xi represents any 
field of 0i, 02, A, ijj, i/j (all 1PI diagrams with at least a ghost or an anti-ghot or and external 
BRS field are convergent by power counting, and therefore null when taking into account 
the insertion of the evanescent breaking operator). . . .fj, p are the Lorentz indices of the 
corresponding bosons in X\X 2 ■ ■ -X m . k±, . . . , k m are the independent outgoing momenta 
of the fields XiX 2 ■ . . X m . 



C.l Bosonic diagrams 




r R(l) mi (T, \ 
1 Ac;N[^] K l ' 

AAc;N[A] K 11 z; 

pR(l) Ml^2M3/r 7, , V 

1 AAAc-N[A] l fc l' fc 2,fc 3 J 

r?!!?T(*i.*2.fe^) 

AAAAc;N[A] v 15 z ' • 3 ' 



(n)i2 + (ii)ai , 

(iii) 123 + permutations of 123 , 
(^)i234 + permutations of 1234 . 



(CI) 
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The renormalized result for each diagram of figure C.l is: 



(47T) 2 (<) 

(4tt) 2 (ii) 12 



(47r) 2 (Hi) 



123 



^ (6/ 2 , 2 -^ 2 ) 

2 (3# + r + 3# 2 r ) e (A*, fc 2 , {^} , ft/ 2 }) 



+ ^ (2# + r) /ci /i2 - /c 2 Ml /c2 A ' 2 ) 

_ * (2^ + r ) (k 1 2 -k 2 2 ) 
(l + 96 2 + 58r + 6e 3 r) e (fci, {//i}, { W) 



+ 



+ 



( + 2 Or) e(fc 2 ,{M,{ W) 
3 

(l + 90 2 + 50r + 60 3 r) e (fc 3 , {^}, { fi 2 }, {// 3 }) 



+ 3 


(1 + # 2 + 9r) h 


M3 gHlV2 


i 

+ 3 


(1 + 2# 2 + 28r) 






i 

+ 3 


(1 + 36 2 + 36r) 


k^ 




i 

~ 3 


(1 + 36 2 + 30r) 




^MlM3 


i 

~ 3 


(l + 6# 2 + 6#r) 


k 2 ^ 


gMlM3 


z 

" 3 


(l + 3# 2 + 3#r) 




^MlM3 


i 

+ 3 


(l + 3# 2 + 3#r) 




gM2M3 


i 

+ 3 


(1 + 26 2 + 26r) 


fc 2 Ml 


^M2M3 


i 

+ 3 


(l + e 2 + 9r) k 3 


Ml „M2M3 

y 5 



(4tt) 2 (iu)i234 = 



-2 (9 (l + 6# 2 + 4#r + 3# 3 r) e ({//i}, {// 2 }, { // 3 }, W) 



• (CI') 



Note that although the four boson diagram is divergent by power counting, the total 
result for the assocciated 1PI function must be zero due to CP invariance of the regular- 
ized action and the dimensional renormalization procedure. As a check of the automated 
programs and of the preservation of discrete CP symmetry by the renormalization scheme, 
we have computed explicitly the value of the diagram (iv) of figure C.l, which is not zero, 
and, as can easily seen in last equation, the total result after suming all permutations 
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turns to be the expected result zero. That is, the discrete CP symmetry is reflected in 
perturbative dimensinal renormalization as a cancellation between permuted diagrams. 

C.2 Diagrams linear and quadractic in scalar fields 



A 

',=0 






(0 



(ii) 



(iii) 



Figure C.2: Feynman diagrams linear or quadratic in scalar fields needed to compute the 
1PI breaking functions (C.2) 



^UW*i.*>) =(«) + <*»•) ■ 



(C.2) 



The renormalized result for each diagram of figure C.2 is: 



(47T) 2 (*) 

(4tt) 2 (ii) 
(47r) 2 (iii) 



3 

2 / 2 (-18/ 2 i> 2 + 3fc 1 2 + 3fc 1 -k 2 + k 2 2 ) 
3 

2 / 2 (-18 f 2 v 2 + 3k x 2 + 3k x ■ k 2 + k 2 2 ) 



(C.2') 



C. 3 Diagrams with three scalar fields 




< 



A 

q=0 




< 





(0 



VI?, 



k, \, J k, 



123 



(ii) 



(in) 123 



(w)l23 



Figure C.3: Feynman diagrams with three scalar fields needed to compute the 1PI breaking 
functions (C.3) 
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<p2(P2(P2c;N[A\ 



(i)i23 + permut. of 123 , 

(H)i23 + (Hi)i23 + (iv)i23 + permut. of 12 , (C.3) 



where, due to the locality and dimensionality of breaking terms, all the permutations 
should be obviously equal. 

The renormalized result for each diagram of figure C.3 is: 



(47T) 2 (i)l 23 

(4tt) 2 (n)i2 3 
(4tt) 2 (in) 123 
(4tt) 2 (iv)l23 



-8 f 4 v 

3 ' 
-8/%, 

-8fv. 



(C.3') 



C.4 Diagrams with four scalar fields 







(«)l234 



q=0 



(m)l234 




(w)l234 




A 



(v)l234 



(w)l234 



y/ ^ 

(vm)l234 



Figure C.4: Feynman diagrams whith four scalar fields needed to compute the 1PI breaking 
functions (C.4) 



r, V , , AT ,xSki 1 k 2l ks,k 4 ) = (i)i234 + (H) 1234 + (Hi) 1234 + (iv) 1234 + permut. of 123, 
r 0iV2^2</>2c-AT[A]^ 1 ' /c3 ' ^ = N) 1234 + (wi) 1234 + (fii*) 1234 + permut. of 234, (C.4) 
where, again, all the permutations must be the same. 
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The renormalized result for each diagram of figure C.4 is: 



f A \ 2 f *\ 

{Amy {%) 


1234 


= -2 p 


{4:71) {ll) 


1234 


= - 2 / 


{An) 2 {Hi) 


1234 


= -2/ 4 


{An) 2 (iv) 


1234 


= - 2 / 4 


{An) 2 („) 


1234 


_ -10 f 
3 


{An) 2 (in) 


1234 


= 2/ 4 , 


(4tt) 2 (mi) 


1234 


= 2/ 4 , 


(47r) 2 («m^ 


1234 


__ -10 f 4 
3 



C. 5 Diagrams with two or three boson and scalar fields 




{ix)l23 {x)l23 {xi)l23 

Figure C.5: Feynman diagrams whith two or three boson and scalar fields needed to compute 
the 1PI breaking functions (C.5) 
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fZ'«!W*i.*») = («> + (*>. 

^fa£ c . N [£i(ki,k2,ka) = (m)i23 + (iu)i23 + (u)i23 + pennut. of 23 , 
^A^2<hc-N[A]^ kl,k2,k ^ = ( vi )^ + (vii)i23 + (viii)i23 + permut. of 23, 
f ^££ [A] (fci, fe 2 , fe 3 ) = (ix)i23 + (x)i23 + (xi)i23 + permut. of 12 . (C.5) 



The renormalized result for each diagram of figure C.5 is: 

(4tt) 2 (z) = -2ifvk^\ 
(4tt) 2 (ii) = -2i fvk^ 1 , 
(4tt) 2 (m)i23= -if (h^+k 3 ^) , 
(4tt) 2 (zt;) 12 3 = z/ 2 (A^+fcs" 1 ) , 
(4yr) 2 (t;) 12 3= - z / 2 (fc^ 1 + fc 2 ^) , 

(4tt) 2 (m) 123 = y / 2 (3A;i Ml +4fc 2 ^ +5fc 3 Mi ; 



(4tt) 2 (mz)i23 = -*/ 2 (fe Ml + fc 3 Ml ) , 
^ / 2 (3^+5^ 
4 / 2 (l + 6> 2 + 6>r) i;^ 1 " 2 



(4tt) 2 ( v «*) 123 = y / 2 (3A;i Ml + 5 A*" 1 + 4*^) , 



(4tt) 2 (ix)i23 
(4tt) 2 (x) 123 



-4 / 2 (-1 + 2# 2 + 2#r) u^ 1 " 3 
3 



(A ^2 , 4/ 2 (l + fl 2 + flr) t,g^ 

(47T) (Xl)i23 = o • ( C - 5 ) 



C. 5 Diagrams with four boson and scalar fields 



T Aa1^2c-N[A]^ fc2 ' ^ = (*) 1234 + (")l234 + (iii)l234 + (™)l234+ 

(«)l234 + (v*)l234 + (uil)l234 + (^*)l234+ 

(^)i234 + (2^)1234 + (^)i234 + permut. of 12 . (C.6) 



The renormalized result for each diagram of figure C.6 is: 
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(i)l234 (w)l234 («i)l234 (w)l234 




(KB)l234 0)l234 (a:«)l234 (xii)l234 

Fi gure C.6: Feynman diagrams whith four boson and scalar fields needed to compute the 
fPI breaking functions (C.6) 



(4tt) 2 (i)i234 = 2 (9 + r) 



(4tt) 2 (ii) 



1234 



if (1 + 9 2 + 9r) g^ 



3 

(4tt) 2 (m) 1234 = - 2 f 9 (9 + r) g^\ 
2f 2 (l + 9 2 +9r) 

(4tt) 2 (Zi>)i234 = " ~ " 

(4tt) 2 (v)i 2 34 = - 2 f 2 9 {9 + r) g^\ 
(4tt) 2 Hi 2 34 = - 2 f 2 9 {9 + r) g^\ 
2 f 2 (l + 9 2 +9r) g^ 



(47T) (mi) 1234 
(47r) 2 (OTM)i234 



3 

2 f 2 (1 + 9 2 +9r) g^ 
3 

2 f 2 (1 + 9 2 +9r) g^ 



(4tt) 2 (zx)i234 

(47r) 2 (x) 123 4 = -2/ 2 #(# + r) 
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(4tt) 2 (xz)i234 



2 f (1 + e 2 +6r) g^ 



(4tt) 2 (xn) 12 ^ = 2 f 2 6 {6 + r) 



(C.6') 



C. 7 Diagrams with fermion fields 




(v) 



(vi) 



(vii) 



Figure C.7: Feynman diagrams whith fermion fields needed to compute the 1PI breaking 
functions (C.7) 



(C.7) 



The renormalized result for each diagram of figure C.7 is: 



(4tt) 2 (i) = — / 2 r (2/t;7 5 + ^75+ ^75) 
(4tt) 2 (u) = | / 2 r (2/v 7 5- #175- ^275) , 



(47r) 2 (m) 



-2i 



fg 2 6(l + er)v(5 + 75 



«7 2 (2£ + r) (5 + h 



12 



+ — # 2 (2# + r + 2# 2 r) (5 + £') # l7s 
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+ —g 2 (26 + r + 26 2 r) (5 + £') fe 75 



(An) 2 (iv) 

(An) 2 (v) 

(An) 2 (vi) 
(An) 2 (vii) 



fp((26 + r)I-r l5 ) 



— fp((2e + r)I + r l5 ) , 

0, 
0. 



(C.7') 



C. 8 Diagrams with (pi and fermion fields 




(i) 





(it) 






(iv) 




(v) 



(vi) 



(vii) 



(viii) 



Figure C.8: Feynman diagrams whith one scalar and fermion fields needed to compute the 
fPI breaking functions (C.8) 



Note that there are other possible diagrams at one loop with the same external legs, but 
due to power counting they are convergent. 

The renormalized result for each diagram of figure C.8 is: 



(An) 2 (t) = ^ fr lb 
(An) 2 (ii) = y / 3 r 75 
(An) 2 (Hi) = % - / 3 r 75 , 
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(4tt) 2 (iv) 

(47T) 2 (V) 



fry 5 , 

- fg 2 8(l + 6r) (5 + 75 



(47r) 2 (m) = — fg 2 9(l + er) (5 + £') 75 

(4tt) 2 (vii) =0, 
(47r) 2 (urn) = 0. 



(C.8') 



C. 9 Diagrams with <p2 o,nd fermion fields 




(0 





(ii) 




(m) 




(mi) 




(■urn) 



Fi gure C.9; Feynman diagrams whith one scalar and fermion fields needed to compute the 
fPI breaking functions (C.9) 



Again there are other convergent diagrams at one loop with the same external legs. 
The renormalized result for each diagram of figure C.9 is: 



(47T) 2 (i) 

(4tt) 2 (ii) 
(47r) 2 (Hi) 



2 ' 

2 ' 

-(/ 3 I) 
2 

29 



2,,. -U 3 I) 



(47^ („) 



2 , , -(/^(« + r)(5 + ni) 



a, -{fg 2 e(e + r) (5 + £')!) 



3 

-( fa 2 9 (0- 

(4tt) 2 (ui) 
(4tt) 2 (uii) = 0, 

(4tt) 2 (wh) = . (C.9') 
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